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Abstract 

We discuss non-relativistic conformal algebras generalizing the Schrodinger alge- 
bra. One instance of these algebras is a conformal, acceleration-extended, Galilei 
algebra, which arises also as a contraction of the relativistic conformal algebra. 
In two dimensions, this admits an "exotic" central extension, whereby boosts 
do not commute. We study general properties of non-relativistic conformal field 
theories with such symmetry. We realize geometrically the symmetry in terms 
of a metric invariant under the exotic conformal Galilei algebra, although its 
signature is neither Lorentzian nor Euclidean. We comment on holographic- type 
calculations in this background. 
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1 Introduction 



Recently there has been considerable activity in extending the Anti-de Sitter/conformal 
field theory (AdS/CFT) correspondence to various low-energy physical systems. In 
many instances these systems are non-relativistic, implying that their fundamental 
symmetry is Galilean. One example of Galilean symmetry is the Schrodinger symmetry, 
which is the symmetry of the free Schrodinger equation. It was proposed in [H [2] that 
some gravity backgrounds with Schrodinger symmetry should be holographically dual 
to certain conformal quantum mechanics relevant for the description of cold atoms [3]. 

In in El E] it was shown that the backgrounds of [H [2] arise as solutions of String 
Theory. One way to embed these geometries in String Theory is based on the fact that 
the field theories arise from the discrete light cone quantization (DLCQ) of relativistic 
conformal field theories. At the level of the symmetry, it utilizes the fact that the 
Schrodinger group is a subgroup of the relativistic conformal group [3, El [9]. On 
the gravity side this corresponds to the light-like compactification of AdSs, or more 
generally to a "twisted" version of this, obtained by a chain of String dualities. On the 
field theory side, it corresponds to (the DLCQ of) certain dipole deformations of the 
parent relativistic CFT [10]. Subtleties involved in these constructions were discussed 
in [1]. 

A natural question to ask is whether there exist non-relativistic conformal field the- 
ories different from those enjoying Schrodinger symmetry, that may be realized holo- 
graphically as in [H [2] • There is an abundance of symmetry groups, comprising the 
Galilei group as a subgroupj, and some of them are known to be symmetries of cer- 
tain condensed matter problems. If one in addition demands conformal invariance, 
it turns out that there is a class of conformal Galilei algebras, generalizing precisely 
the Schrodinger algebra [121 [13] • The non-relativistic Navier-Stokes equations are an 
example where these symmetries are relevant [151 US] . For more examples in condensed 
matter see [17] and references therein. 

An interesting conformal Galilei algebra, which will be the main focus of the paper, 
is closely related to the Schrodinger one. The main differences with respect to the 
latter are that dilatations act as in the relativistic case, D : {t,x) {Xt,Xx), and it 
contains new generators corresponding to constant accelerations [T8l [19] . Furthermore, 
this algebra does not admit the usual Galilean central extension by the mass operator 
M. It thus necessarily describes massless particles. On the other hand, in d = 2 



^Note that the Lifshitz group considered in [TT] is not of this type. 
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spatial dimensions, it admits a different central extension, by an operator we denote 
G. Following the literature, we will refer to this centrally extended conformal Galilei 
algebra as "exotic" [Hj. One motivation for studying the centrally extended algebra 
is that the central extension played a key role in the geometric realization of the 
Schrodinger symmetry, through the Bargmann construction [8l[9l[20]. This is related 
to the fact that in non-relativistic quantum mechanics wave functions transform "up 
to a phase" |2l] under the symmetry group, while they form true representations for 
the centrally extended group. Then one would expect that adding an extra direction, 
conjugate to G, the exotic conformal Galilei algebra should be realized geometrically. 
In fact, this is roughly correct, as we will show. 

Another intriguing feature of this algebra is that it arises as a non-relativistic con- 
traction [22] of the conformal algebra [231 l2ll IISI [26]. The contraction amounts to 
taking a certain scaling limit of the generators. If these are Killing vectors of a metric, 
as in AdS/CFT, then the contraction can be implemented in the metric. Indeed this 
is what happens in the Penrose limit: the contraction of the metric in this case gives 
generically pp-wave space-times, while in the field theory side it corresponds to the 
scaling limit discussed in ^27J. In the context of non-relativistic AdS/CFT, an analo- 
gous scaling limit was performed in [1]. The String Theory side of this limit had been 
considered before^ in [28]. However, the situation here is different: a scaling limit of the 
AdS metric does not give rise to a non-degenerate bulk metric realizing the symmetry. 
We instead perform a modified version of the contraction involving spin generators, and 
we show that when applied to the Dirac equation this produces non-trivial results in 
the limit. In particular, the centrally-extended algebra, and a free field wave equation, 
replacing the Schrodinger equation, can be derived in this way. The interpretation of 
the exotic central extension as a non-relativistic limit of spin was first pointed out in 
[231 [22 [25]. 

We will study some generic features of conformal field theories with exotic Galilean 
symmetry. As examples, we will present a free field and a Chern-Simons-matter-type 
action, invariant under the symmetry group, at least classically. Following the strategy 
of [SI [9l [20] and of [H [2] , we will present a metric which realizes the exotic conformal 
Galilei group as its isometry group. Disappointingly, however, this metric has signature 
(3,4), and it turns out to be a "wrong-signature" versions of AdSy, or its deformation 
preserving the Schrodinger group. Therefore its use for AdS/CFT applications appears 
problematic. Despite this severe issue, we point out that a blind application of the 



^We thank the authors of [5S] for bringing their work to our attention. 
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AdS/CFT prescriptions yields a consistent result for the two-point functions. 

The rest of the paper is organized as follows. In Sec. [2] we briefly review the 
Schrodinger algebra and other conformal Galilei algebras. We then discuss the central 
extensions of these algebras, and of the / = 1 case in more detail. Sec. [3] discusses 
the origin of the algebra as a non-relativistic contraction. In Sec. H] we study formal 
properties of field theories with exotic conformal Galilei algebras. In Sec. [5] we discuss 
explicit field theories examples. In Sec. [6] we present an invariant metric and comment 
on a holographic-type computation of two-point functions, based on this background 
metric. In Sec. [7] we conclude. In Appendix |X] we discuss a "particle" Lagrangian with 
exotic conformal Galilei symmetry and its quantization. 

Note: while writing the present article, a paper discussing conformal Galilei algebras 
appeared [30]. Just before submitting, we became aware of two other related papers 
|31j . [32] . However, our main results have not been discussed in these references. 

2 Conformal Galilei algebras 
2.1 The Schrodinger algebra 

We will begin by recalling the Schrodinger group and its geometric realization. As we 
will see, the conformal Galilei groups that we will discuss in this paper are a natural 
generalization of the Schrodinger one. The fundamental symmetry of a non-relativistic 
system is the Galilei group. A point in d-dimensional Euclidean space x, at a given 
time t, transforms under the Galilei group as 

t^t + e, x^Rx + bt + c (2.1) 

where R G SO{d), b,c & M*^, e G M. Let us denote by X the pair {t, x), and denote by 
P{c) and K{b) the geometric actions of finite translation by c and finite boost by b, 
respectively. 

Quantum mechanically, wave functions must form a projective unitary representation 
of the group, which is equivalent to a unitary representation of the centrally extended 
Bargmann group [2T]. Consider the free Schrodinger equation with mass m, 

("^* + ^^^^^ ^ = • (2.2) 
One can trivially promote the geometric action of the translation P{c) to an action 
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C/p(c) on the wavefunction by defining 

Up^ff>ij{X)^^{P{-c)X), (2.3) 

however the action V^(X) — > ip{K{—h)X) does not map a solution to another solution. 
Defining the unitary operator ^^(g) by further multiplying by a phase which depends 
both on space and time, 



UK(h)'^i^) = exp 



-imh ■ X + -mto 



4^iK{-b)X) , (2.4) 



one finds that the plane wave solution ipE,p — exp{iEt — ip ■ x) is mapped to another 
plane wave, 

i^E,p UK{h)'^E,p = (2.5) 

where 

E'=^l±^, p'^p + mh. (2.6) 
The operators Up(g) and longer commute, instead we have 

Upi^^Kib) = exp(im6 • c)Uj^0^Up^^, (2.7) 

i.e. they realize a central extension. One can add an extra coordinate ^ and consider 
the wave function ip — exp(im^ + iEt — ip-x). This is invariant, provided ^ transforms 
as 

^^^ + b-x + ^tP . (2.8) 

In turn, the Schrodinger equation may be interpreted as the Klein-Gordon equation in 
the Bargmann space with metric 

ds^ = 2d^dt + {dxf . (2.9) 

In fact, the symmetry group of the Schrodinger equation is not just the Bargmann 
group, but it comprises also dilatations, D : {t,x) — > {XH,Xx), and special conformal 
transformations, C : {t,x) — > (1 + ft)~^{t,x). The complete action of the Schrodinger 
group on the extended space-time is 

Rx + bt + c dt + e 

ft + 9 ' ^^W+g' 



where dg — ef = 1. The corresponding algebraci of generators is given by 

[D,H] = H, [D,C] = -C, [C,H] = 2D, 

[H, P.] = , [D, P4 = iP, , [C, P,] = K, , (2.11) 

[H, K,] = -P, , [D, K,] = -\K, , [C, K,] = 



plus the central extension 



[P,,K,]=S,,M . (2.12) 



Momenta Pj and boosts Ki transform as vectors under spatial rotations Jij, and as 
a doublet of the SL{2; M) sub-algebra generated by H,D, C. Based on the above 
remarks, it can be shown that the Schrodinger algebra is a sub-algebra of the relativistic 
conformal algebra in one higher space-time dimension |7]. This was indeed a key 
observation for the holographic realization of the Schrodinger sjTiimetry [H [2]. 

2.2 "Spin-/" conformal Galilei algebras 

We now present a class of conformal extensions of the Galilei algebra labeled by a 
half-integer /, discussed in [121 US]- The smallest instance 1 = 1/2 corresponds to the 
(non centrally-extended) Schrodinger algebra. The next case, / = 1, is an extension 
of the Galilei group comprising constant accelerations, and we will study it in more 
detail. Below, we follow [121 113] and present the algebras without central extensions. 
Those with central extensions will be discussed in the next subsection. 
The action on space-time may be written as 

Rx + t^^c^i H h t^C2 + tci + co dt + e 

where R G SO{d), Cn € M*^ and dg — ef = 1, generalizing the / = 1/2 transformations 
(12.101) . From this we see that the infinitesimal action is generated by the following 
vector fields 

H = dt, D = -tdt - Ixidi, C = t^dt + 2ltXidi, 

= -{x,d, - xjd^), PI" = {-tra,, (2.14) 

where i = 1, . . . ,d and n = 0, ... ,21. Notice that the dilatations act as 

t^Xt, x^X^x (2.15) 



•^The normalization of the D here is 1/2 of the usual normalization in the Schrodinger algebra. 
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corresponding to a dynamical critical exponent z = l/l <2. 

The algebra satisfied by the generators {iJ, -D, C, Jjj, P"}, (n = 0, . . . , 2/; i = 1, . . . , 
comprises the following non-zero commutation relations 

[D,H]=H, [D,C]=-C, [C,H]=2D, 

[H,Pr]=-nPr\ [D,Pr]={l-n)Pr, [C,Pr]={2l-n)Pp+\ (2.16) 

I'^ij^ ^k]— ^ikPj" — ^jkPi\ [Jij, Jkl] = ^ikJjl + SjlJik — ^ilJjk — ^jkJil 

We can then take this as an abstract definition of the algebra, independent of the 
specific realization (12.141) . Notice that thes generators are anti-Hermitean, and H, D, C 
form an S'L(2;R) sub-algebra, familiar from the Schrodinger algebra. The generators 
P" transform in the spin-/ representation of this SL{2] R), and as vectors of the SO{d) 
sub-algebra of spatial rotations generated by Jij in the usual way. 

Setting / = 1/2 and defining P° = Pj, P/ = Ki, we recover the Schrodinger algebra 
(12.111) . albeit without central extension. For / = 1, there is one extra set of genera- 
tors, transforming as a vector of SO{d), that we will denote P^ = Fi. It generates 
accelerations x x + t^a. For future reference, let us write down the non-trivial 
commutators: 

[H,P,] = , [D,P,] = P, , [C,P,] = 2K, , 

[H, K,] = -P, , [D, Ki] = 0, [C, K,] = Fi , (2.17) 

[H, F,] = -2Ki , [D, Fi] = -F, , [C, P,] = 0. 

Notice that the dynamical exponent in this case is z = 1, the same as the relativistic 
one. One interesting feature of this algebra0 is that it can be obtained as a non- 
relativistic contraction of the relativistic conformal algebra f26]. We will discuss this 
aspect later in Sec. [31 

Infinite dimensional extension 

It is known that the Schrodinger algebra admits an infinite dimensional Virasoro-like 
extension [33l which should be relevant for holographic applications [35]. We 
notice that such Virasoro-like extensions exist for every I. This is easily showed in 
the representation (I2.14p . First, we rename the SL{2;'R) generators as L^^ = —H, 

fact also the centrally-extended algebra, to be discussed momentarily. 
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= D, and = — C, and then we define the following operators 



JJ} = -r{x,d,-x,d,) (2.18) 

where n G Z for the L", and n G Z + / for the P". The generators {-Pj \ . • • , -P/ } are 
those of the finite-dimensional conformal Galilei algebras (after a relabeling n ^ n — I 
and multiplying by ±1). The commutators are then written in the compact form 

[L"^, L"] = (m - 

[■Jij , Jkl\ - Oik-Jjl + OjlJik - <^il-Jjk - ^jkJil , 

[L'", P-"] = {Im - n)Pl^+'', 

[J^, P^] = 5,fcPf+" - 5,,/^"^+". (2.19) 

The generators form a Virasoro algebra, JJJ- is an so{d) current algebra, and P" give 
weight-(/ + l) Virasoro primaries which are also primary under the current algebra; they 
do not have any central extension at all at this stage. One can add the usual central 
extension 6n+mfl{n^ — n)c/12 to the [L*", L"] commutators, which might arise quantum 
mechanically, or classically as in [36j if we have a holographic dual. 



2.3 Central extensions 

As we reviewed, the Galilei group admits the central extension (12.121) . which was orig- 
inally found by Bargmann [21]. This central extension plays a crucial role in realizing 
geometrically [8] and holographically [H [2] the Schrodinger symmetry. Motivated by 
this, we will now show that there exists a central extension of the spin-/ conformal 
Galilei groups. The algebras in the previous sub-section are of the form q(BV, where g 
is a Lie algebra and V its representation. In our case q is s/(2; M) © so{d) and V is the 
tensor product of the spin-/ representation of SL{2; M) and the vector representation 
of SO{d). The commutator of g & g and f G is defined by 

[9,v]=gv, (2.20) 

where the right hand side stands for the action of g on v. For v,w E V we have 

[v,w] = 0. (2.21) 
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Since g is semisimple, the central extension can only enter in (I2.2ip as 



[v,w]= K{v,w) (2.22) 

where K{v,w) is an antisymmetric pairing. The Jacobi identity is then satisfied if 
and only if K{v, w) is invariant under g. Now, the invariant tensor J™'" of the spin-/ 
representation of SL{2] M) is symmetric or antisymmetric depending on the parity of 
21, whereas SO{d) has an antisymmetric invariant tensor e^j for d = 2 and a symmetric 
tensor 6ij for any d. 

From these considerations, we conclude that there are two types of central extension 
of conformal Galilei groups. One exists for any d and half-integral /: 

^pra^ p«] = I^^S^jM , (2.23) 

and another which exists only for d = 2 and integral /: 

[Pl^, pn] _ .9 . (2.24) 

Let us discuss the two cases which we are most interested in. For arbitrary d with 
/ = 1/2, one has the massive central extension fl2.12p of the algebra in (12.111) . This is 
the familiar Schrodinger symmetry with the Bargmann extension. In order to realize 
the centrally extended algebra by the action of vector fields, one needs to add one 
extra direction ^ which is conjugate to M. Equivalently, one can Fourier-transform 
with respect to the mass M. The generators take the form 

H = dt, D = -\xidi - tdt, C = txidi + t^dt - IxiXid^, 

(2.25) 

and M = d^. 

Next consider d = 2 with / = 1. The centrally extended algebra has commutators 

[K,, K,] = Ge,, , [P„ F,] = -2Qe,, (2.26) 

in addition to those in fl2.17p . We denote the eigenvalue of by i9. Following [III [26], 
we will refer to the resulting symmetry algebra as the exotic conformal Galilei algebra 
which will be the focus of the rest of our paper. The fact that the two-dimensional 
Galilei group admits a second central extension B, in addition to the mass parameter 
M has long been known [371 EH ES] , and various systems have been discussed in the 
literature [lOl UHl HH [19]. We see that the existence of the extra conformal generators 
only allows 0, not M, as noted in [26] . 
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We can represent this algebra by modifying the operators in (12. 141) with extra terms 
which produce the central extension. Concretely, we have 

H = dt, D = -Xidi-tdt, C = 2tXidi + t^dt-2xiXi, 

(2.27) 

Pi = di, Ki = -tdi + Xi Fi = t^di - 2tXi + 2xjeij<d , 

where we require that the operators xi,2 and G satisfy the Heisenberg commutation 
relations 

[X^,XJ]=^Q^^J, [x^,e]=0, (2.28) 

and that they commute with the operators defined in fl2.14p . The action of the modified 
generators can be seen as the sum of the geometric action (I2.14p of the group without 
the central extension, modified by the part proportional to Xi and 0. 

Let us now discuss the rotation generator. First of all, notice that in order for the 
generators Pi,Ki, Fi to transform as vectors under rotations, Xi should transform as 
vectors. Then the rotation generator comprises two pieces: 

Jij = -{xidj - Xjdi) + Sij (2.29) 

where S^j rotates the Xi- Inspired by the observation in [19], we define the rotation 
generator as 2i9J = FiPi — KiKi, so that 

J = A _ _L^^^^ . (2.30) 

With this definition we have 

[J,Xi] = eijXj, [J,Xi] = ^ijXj (2.31) 

thus this J correctly transforms all of Pi, Ki and Fi as vectors. It is clear that we 
can think of Xi as an intrinsic part of the Galilei boost, just as the rotation generator 
acting on a field with non-trivial spin is not simply X[idj] but X[idj] + T,ij. We will pursue 
this analogy further in Sec. [31 this form naturally arises by taking the contraction of 
Lorentz generators acting on spinor fields. 

We can obtain a realization of the algebra in terms of vector fields, by representing 
the Heisenberg algebra in an auxiliary three-dimensional space with coordinates vi,V2, 
and C,- In particular, we can take 

d 1 

e = d^, = ^ - ^^^JVJ^^ . (2.32) 
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This is a generalization of the Bargmann space to the present case. We will study 
natural metrics on this space later. The algebra of vector fields is obtained by just 
plugging fl2.32p into fl2.27p . For the rotation generator, we have 

Notice that this does not rotate independently d/dvi and Vi. Actually, in this repre- 
sentation the naive definition of the internal rotation generator 

gives the correct commutation relations, thus both choices are possible in this case. 
We will see however that the more general definition fl2.30l) arises naturally from the 
contraction procedure. Notice that the internal part of the rotation operator (]2.30p is 
a harmonic oscillator Hamiltonian. 

The induced infinitesimal action on the extended six-dimensional space with coordi- 
nates {t,Xi,C,,Vi) is easily obtained from the vector fields, and reads 

H:t^t + e, (2.35) 
D : t t — \t, Xi Xi — Xxi, (2.36) 

Vi^Vi-2aXi, i ^ i + aeijXiVj, (2.37) 
Pi'. Xi^ Xi + Ci, (2.38) 



1 

— ( 
2 

j-2 



Ki : Xi ^ Xi - bit, Vi-^Vi + bi, ^ ^ ^ - -eijbiVj, (2.39) 



Fi : Xi ^ Xi + ait , Vi ^ Vi - 2ait, ^ ^ ^ + eijai{2xj + tvj), (2.40) 
Q:^^^ + h. (2.41) 

Notice the transformations of the Vi may be interpreted as (minus) the transformations 
of velocities Xj. A general transformation of ^, 

^ — i> ^ + aeijXiVj + eijai{2xj + tvj) — -^ijbiVj + h , (2.42) 

at first sight does not have an obvious interpretation. However it has a natural inter- 
pretation in terms quasi-invariance of a free particle mechanical system that we discuss 
in Appendix |Al 
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3 Exotic conformal Galilei algebra from contrac- 
tion 



One interesting aspect of the / = 1 conformal Galilei algebra is that it can be obtained 
as the contraction of the conformal algebra 5*0(^+1, 2), just as the Galilei algebra arises 
as the contraction of the Poincare algebra [22]. This raises the hope that applying the 
contraction to the AdSd_|.2 metric, we could obtain a non-trivial metric with desired 
isometrics. However, it is easy to see that such hope cannot be realized, as there 
is no (i + 2 dimensional metric which is non-degenerate with such isometrics. The 
reasoning for this is analogous to that showing that there is no d + 1 dimensional 
metric, with ordinary Galilei symmetries. Indeed, performing the limit in the metric 
gives a degenerate result. 

3.1 Improved contraction 

In this subsection we will discuss a modified contraction that leads to the centrally 
extended conformal Galilei algebra in ci = 2 dimensions. The role of spin in the 
contraction was emphasized in [231 1211 [25], however our treatment here is slightly 
different, in particular we show that the Heisenberg algebra emerges in the limilif|. 
We start from an explicit representation of the relativistic conformal algebra, where 
the generators of SO{3,2) act on operators with spin, and perform a simultaneous 
contraction of the space-time and spin parts. Namely, we take 

= X XjyO^ 2x^x di, 1x S^^, D = X Oi, , (3-1) 

where the S^,^ can be thought of as a finite dimensional representation of S0{1, 2). We 
then set xq = ct and after rescaling the spin generators as 

^iO cSjO; ^ij C Sjj , (3-2) 

we define the following generators 



Pi Pii Ki 



H = Pq, D = D, C = —, (3.3) 

c 



^We have recently learned that this contraction was considered previously in albeit the dis- 
cussion there concerns a non-conformal algebra, with two central extensions Q and M. 
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as well as 



J = -Mi2 + c^Ei2 . (3.4) 



Taking the c — > oo limit we find the following operators 

H = du D = -tdt - Xi-^, C = t^dt + 2tXi^ + 2xi^io, 

OXi OXi 

d d 2 ^ 
Pi = -7: — 5 = —t— Sjo, Fi = t — h 2itSjo + 2xjSjj, 

OXi OXi OXi 



(3.5) 



and Qij = Sjj. We will address rotations momentarily. The scaling limit of the 
commutation relations among the S^,^ gives rise to 

poj, Soj] = Sjj, [Sjj,Sofc] = . (3.6) 

Defining Xi = ^oi, ^ij = Cjj©, we see that these three operators obey precisely the 
Heisenberg commutation relations 02.281) . Indeed it is well known that the Heisenberg 
group is a contraction of the SU{2) group ^. One can pick a representation of the 
Heisenberg algebra, where the Xi take a concrete form. For example, one could consider 
a finite dimensional representation in terms of 3 x 3 matrices, but this is not unitary. 
An unitary representation is of course given by xi = X2 = iOdg- As we discussed 



in Sec. 12. 3[ a unitary representation in terms of vector fields is obtained introducing 
three auxiliary coordinates ^,Vi,V2 and defining fl2.32p . 

Let us now address the rotations. Firstly, notice that with the definition 03.41) 
one result of the c ^ 00 limit of the commutation relations of the Lorentz rotations 
[M^^,M^^] is that 

While one can check that all other components give a limit which is consistent with 
the contraction of the 5*0(1,2) algebra to the Heisenberg one, we see that 03. 7p is 
problematic. In particular, the spatial rotations Jij do not act on Sofc. Thus, the naive 
contraction procedure is not consistent. 

To obtain a consistent contraction we apply the following trick. We consider a 
trivial central extension of the relativistic algebra, obtained adding a constant to the 
relativistic spatial rotations: 

- eijXidj -tijXidj + a(2SoiSoi - ^ij^ij) + P ■ (3.8) 



^We could also consider a different contraction, giving the Euclidean group, but this turns out to 
be not consistent. 
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Then the contraction hmit is consistent, provided we take a = i/{4:9c^) and (3 = 
—iOc^/A. The rotation generator in the hmit is indeed f l2.30p . In particular, the di- 
vergent term c^6 that needs to be subtracted to get a finite answer in the hmit, is 
analogous to the divergent rest mass c^M. We see that the parameter ^ is a remnant 
of spin in the non-relativistic limit. 

3.2 Contraction of the Dirac equation 

The relevance of spin in the non-relativistic limit discussed in the previous subsection 
suggests that one should be able to take an appropriate limit of a relativistic equation 
for fields with spin, for example the Dirac equation. Notice in particular that the 
non-relativistic limit of the Klein-Gordon equation (in fiat space) is degenerate. 
Let us then start from the massless Dirac equation in 2 + 1 dimensions: 

T^'df,^ = (-r°5t + r^(9i + r^^a)^ = o (3.9) 

where are gamma-matrices of 5*0(1, 2). To take the limit, it is convenient to multiply 

by roi2. 

{T^^dt - r°25i + r^i^s)^ = . (3.10) 

Then rescaling as in the previous subsection, we see that the equation just acquires an 
overall factor of c. However, we should replace the original gamma matrices with the 
operators obeying the Heisenberg commutation relations. Then we immediately obtain 

{Bdt + ei.Xidj)"^ = , (3.11) 

which in operator notation takes the form 

(QH + eijKiP,)^ = . (3.12) 

Non-relativistic limits of the Dirac equation have been studied in the literature. In 
particular, two well-studied equations are the Pauli equation and the Levy-Leblond 
equation [12]. However, the equation (13.121) is not equivalent to thestl|. In particular, 
notice that this is an infinite-component equation. 

We will see in Sec. S] that the same equation arises by considering a field which 
saturates the unitarity bound. This is analogous to the Schrodinger case, where fields 



''As far as we are aware, an equation closely related to (|3.12p was presented in 29]. However, the 
discussion there assumes a non-zero mass m. 
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saturating the unitarity bound obey the free Schrodinger equation, which in turn arises 
from the DLCQ of the Klein-Gordon equation. We regard equation (13.121) as the 
counterpart of the free Schrodinger equation in the present case, and we will discuss it 
further in Sec. [51 

4 Properties of CFTs with exotic conformal Galilei 
symmetry 

4.1 Action on operators 

Local operators 0{t, x) depending on position in time and space are defined as 

C(t, x) = e-^*-^-^'C»(0)e^*+^'^' . (4.1) 

Such operators may be labeled by their scaling dimension and G-quantum number 

[0,D] = AoO, [0,Q]=ieoO, (4.2) 

and in general form a representation of the exotic conformal Galilei algebra. Notice 
that [O, -Pi] and [0,H] have scaling dimension Ao + 1, [0,Ki] has unchanged scaling 
dimension Aq, while [O, -Fj] and [0, C] have scaling dimensions — 1. Thus it is 
natural to define as primary operators those satisfying 

[O,F,] = [O,C] = 0. (4.3) 

From a primary operator it is possible to construct a tower of operators by acting with 
H, Pi, and Ki, forming an irreducible representation of the algebra. 

When the operator O is inserted at a generic point, one finds the following action of 
the exotic conformal Galilei symmetry: 

[0,H] = dtO, [o,P4 = £-0, 

D] = {-ti -x,i--A)o, [O, K,] = [-ti- + X.) O, 

[O, C] = (t^l + 2tx,£- - 2xa^ + 2tA) O, [O, F,] = (t'£- - 2tx^ + 2iex,e,^ O, 

(4.4) 

Note that the operator Ki = Ki + tPi commutes with H and Pi once we identify H 
with dt as above. Then we can introduce extra directions f 1^2 by defining 

0{t, X, v) = e-^'"'0(t, x)e^^''^ . (4.5) 
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Let us see how the generators act in this representation. Using the Zassenhaus formula, 
we have 

Then, taking the derivative with respect to Vi, we get 

[Oit, X, v), k,] = - 0{t, X, v) . (4.7) 

This shows that on local operators (14. 5 p the action of Xi iii (14. 4p is given by 

X. = ^ - ye.,., . (4.8) 

4.2 State-operator correspondence 

It is well-known that in relativistic conformal field theories there exists a one-to-one 
correspondence between operators and states. One way to establish this is to per- 
form radial quantization. In [3J an analogous correspondence was worked out for non- 
relativistic CFTs with Schrodinger symmetry. As we show below, this construction 
generalizes straightforwardly to higher /, because it is based on the common SL{2; M) 
sub-algebras. For simplicity we will concentrate on the / = 1 case. 
We define a state l^^o) associated to the operator O via the formula 

l^c?) = ex(^-^)O|0) (4.9) 

where |0) is the vacuum, defined as a state which satisfies 

GIO) = (4.10) 

for all generators G. Here we think of (9 as a creation operator. If (9 is a primary, this 
formula reduces to 

l^o) = e-x^^0|O) (4.11) 
which was used in [3J. However (14. 9 p holds more generally. Using the relation 

D ^ e^{c-H)jj^-fic-H) (4.12) 

it is easy to check that \^o) has definite scaling dimension, namely it obeys 

b\m o) = i^o\^ o) ■ (4.13) 
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Since the angular momentum J commutes with dilatations we can label highest 
weight states as \9, where j is the angular momentum quantum number. In the 

Schrodinger case such representations have been discussed in detail in [13] and are 
similarly characterized by \m,A,j). 

4.3 Unitarity bound 

It is now easy to determine a lower bound on the scaling dimension of highest weight 
states imposed by unitarity. For the Schrodinger case this analysis has been done in 
P3l m] . We do the analysis explicitly for the I = 1 case, but the method we employ is 
applicable more generally. In particular, we use the transformation (14.121) to construct 
a non-unitary representation of the algebra, in terms of new generators 

G = ex(^-^^)G'e-x(^-^) . (4.14) 

This is an automorphism of the algebra which manifestly preserves the commutation 
relations, but it changes their Hermiticity properties. Let us record the transformed 
generators 

H = ^{H -C + 2iD), D='-{H + C), C = ^{-H + C + 2tD), 

h = ]^{P.-F, + 2iK,), K,= '-{P, + F,), F, = ^{-P, + F, + 2iK,) . (4.15) 

Notice that Kj = Ki, F- = Pi and 9''' = —6. Now we consider the state 

1^) = {ceH + ei,kiP,)\<f)) (4.16) 
for an arbitrary real constant c. We also take |0) to be a primary, namely 

F,|0) = C'|0) = O. (4.17) 
A short computation than gives the norm 

(^1^) = e^(f)\(j))2{c'^A - 2c + 1) > . (4.18) 

We find the scaling dimension must satisfy 

2c - 1 , , 

A > — — . 4.19 

c^ 

The right hand side is maximized at c = 1, thus we get the bound 

A > 1 . (4.20) 
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States \ipiiee) saturating this bound then obey the equation 

(ei^ + e,,Jr,P,)|^free) = 0, (4.21) 

which is the analogue of a free field obeying the Schrodinger equation in the / = 1/2 
case. This corresponds to a field ipfj-ee satisfying 

{OH + e,,ir,P,)^free = . (4.22) 

Remarkably this is exactly the equation ( 13.12^ obtained from the improved contraction 
of the Dirac equation. We will study the free field theory associated to this equation 
in Sec. O 

4.4 Two-point functions 

In relativistic CFTs as well as non-relativistic CFTs, correlation functions are con- 
strained by Ward identities. The form of correlation functions of non-relativistic CFTs 
with Schrodinger invariance was analyzed in For example, two-point functions are 
determined uniquely to be of the form 

/ Ml 

(0i(t,x), 02(0,0)) = C5A„A,<5M„Af,^(t)t-^^exp U-i- (4.23) 



. 2 t ^ 

where C is a constant. To have a non-zero two-point function, the scaling dimensions 
and masses of the two local operators must be equal: Mi = M2 and Ai = A2. 

Here we will repeat the analysis for the case at hand, namely the I = 1 exotic 
conformal Galilei symmetry. We follow closely the exposition of [33]. We consider the 
two-point function of local operators (14. 5 p in the extended space-time 

F = {0,{ti, fi, v^)02{h, X2, V2)) . (4.24) 

We then consider in turn the constraints imposed by the symmetries, where the action 
of the operators on F is given by the sum of the actions in (14. 4p . specified in the 
representation (12.320 . It is convenient to define the variables 

t = ti-t2, X = Xi-X2, V = Vi-V2, 

t+=ti+t2, X+=Xi+X2, V+=Vi+V*2- (4-25) 

First of all, time and space translations imply that the correlation functions must be 
functions of t, x, but in principle also of both v, v^. Dilatation invariance then implies 

t^^+x^^ + A+jF{t,x,v,v+)=0 (4.26) 
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where A_|. = Ai + A2. Defining u = x/t, we find that 

F{t, X, V, v+) = t-^+G{u, V, v+) . (4.27) 
Invariance under boosts gives 

- 2^ + + ^.■^-)) G{u, V, v^) = (4.28) 

where 6± = 61 ± 62. Now, let us consider the action of accelerations Fj. Changing 
variables, and hitting the equation with d/dx+i, we find that 6+G{u, v, v^) = 0, namely 
the "selection rule" 

02 = -01 . (4.29) 

This is analogous to Mi = M2 in the Bargmann group [33]- Substituting this back in 
04.281) . we then find the following Ward identity 

Plugging this into the equation coming from accelerations we determine a second Ward 
identity 

d I \ 

- i6ieij{uj + -v+j) G{u, V, v+) = , (4.31) 



which can be immediately integrated to give 
Plugging this into (14.301) we get 

2^]g{u,v+) = . (4.33) 



dui dv+i 



Therefore we have 



Next, requiring invariance of F{t,x,v,v+) under the conformal transformation G and 
using (l4.3Up we obtain 

(do \ 
-2xi— + i^eijXiV+j + t(Ai - A2) j G{u,v,v+) = (4.35) 
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and contracting (14.3 II) with Xi we find that the only new constraint it imposes is 

Ai = A2 . (4.36) 

It remains to check rotation invariance. The rotation generator acting on one oper- 
ator is given in (I2.30p . When acting on two-point functions, we have 

which is 

J ^ ^ieie,jv,{u, + lv+,) (_^..^/_^ _ 2 ^ \ _ ei-Vi— + — — -— \ Q-iSie,M-^j + h+j) , 

\ '■^ * duj dv+j ''^ * dvj 9 dvi dv+i J 

(4.38) 

Thus we find that fl4.34p is invariant under this. 

In conclusion, we have proved that the general two-point function is 

-2Ai „ , ^^+^ f^-n . . r , 1, 



F = 5A„A2K,-e2t '9{u + -f) exp [^iOiv x {u + -v+) j (4.39) 

where we used a shorthand notation a x b = eijaibj. Notice the t~'^^^ dependence, as 
opposed to t~^^ in the Schrodinger case ( 14.23^ . This is of course correct, since the 
two-point function has scaling dimension 2Ai, and t has dimension one here, while it 
has dimension two in the Schrodinger case. 

5 Field theories with exotic conformal Gahlei sym- 
metry 

5.1 Free field action 

In Sec. Hlwe showed that a field saturating the unitarity bound A = 1 satisfies equation 
(13.121) . arising also from the non-relativistic contraction of the massless Dirac equation. 
This is the equation of motion of the free field action 



(5.1) 



where (0,'?/') is an inner product on the space on which Xi ^ict, so that Xi is anti- 
Hermitean. When we use Vi^2 to represent Xi,2, it is given by the integration over vi^2, 
i.e. 

(0,^) = / d'^v(j)^. (5.2) 
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We can check that this action is indeed invariant under the exotic conformal Gahlei 
symmetry, (14.41) when A = 1. Invariance under iJ, Pj, D is immediate. Invariance 
under C then imphes invariance under Ki and Fj, so let us check that. The change of 
the action is, using integration by parts. 



/ 



id 



2t ( ip, {dt + ^e^jXidj)iljj - (ip, [C, dt + ^eijXtdj] 



Now, an exphcit calculation shows 



(5.3) 



(5.4) 



therefore we conclude this action is invariant under the exotic conformal symmetry. 

When the operators Xi,2 and 6 are reahzed using the coordinates Vi^2 and ^, the 
action above becomes 



S = — I dtd^d'^xd^v {d^i/jdt + e^jXiipdji/j) 
d^x^g^'di^dji; 



(5.5) 

where / runs from 1 to 6, corresponding to the coordinates t, S,, Xi, X2, fi, f2, and the 
metric is given by 



ds^ = dt(d^ — -eijVidvj) — eijdxidvj . 



This is in fact a metric on flat M ' . Defining 



1 

Vi = Xi + -tvi , 



(5.6) 



(5.7) 



the metric becomes 

ds^ = dtd^ — eijdi/idvj . (5.8) 

One finds that the vector fields (12.371) acts on this flat metric as a conformal trans- 
formation. Then the invariance of the action (15. 5p with a suitable weight on ip is 
automatic, because a free relativistic scalar field on a flat space is relativistically con- 
formally invariant. 

This is clearly parallel to the fact that the invariance of the action of a free non- 
relativistic massive particle 



S = J dtd''x^{tdt + ^dA)^ 



(5.9) 
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under the Schrodinger symmetry. Indeed, by introducing the direction ^ conjugate to 
m, the action can be written as 

S = - j dtdid'^x{2d^ipdtilj + diijdiilj) (5.10) 

and this describes a free relativistic particle on a fiat space R'^^^'^ with the metric (12. 9p . 

5.2 Chern-Simons-matter action 

The free field action can be coupled to a f/(l) gauge field, together with a Chern-Simons 
term, without spoiling the Galilei conformal invariance, at least classically. The total 
action is 

(5.11) 



S = / dtd^x 



—eabcAadbAc + yip, [Dt + -^UjXiDj)ip 

where Aa is the gauge field and A is the Chern-Simons level. We use the convention 
that the indices a,b,c = 0,1,2 stand for the directions t,xi,X2 combined. Da is the 
covariant derivative 

Da = da+tAa. (5.12) 

Note that Aa only depends on t,xi^2, and we do not have components A^. or A^. 
The conformal Galilei group acts on Aa by the Lie derivative £ via the vector fields 
(12.141) . Being topological, the Chern-Simons term is automatically invariant under the 
conformal Galilei group. We let the exotic conformal Galilei group act on ip as before, 
i.e. without changing da to Da in (14. 4p . Invariance of the action under H, Pi and Di is 
again trivial. The change under C of the Lagrangian is now 

dM^f [2t (^ij, {Dt + ^e,,XiDj)iJ 

- (^i',[C,Dt + ^u,x^DJ]^|J^ - (^i,,[{£cA)t + ^e,,Xi{£cA),]i^^] (5.13) 
which vanishes using the fact that 

[C,Da] + {£cA)a = 2tDa. (5.14) 

Therefore the action is invariant under C and invariance under Ki and Fi follows 
automatically. 

The equations of motion for the gauge field are then 

Fi2 = J ^) , = ^ i^P, X^i^) ■ (5.15) 
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Let us stress again that the gauge potential Aa and the field strength Fab only depend 
on t,xi^2- When we represent Xi using Vi, the pairing in the right hand side of (15.150 
involves the integration along the Vi directions, e.g. 



'12 



— / d vipip . 



(5.16) 



It would be nice to study the coupled CS-matter system in more detail, but we leave 
this for future work, and return to discuss the free model. 

5.3 Free field wave function 



We will now construct simple solutions to the free field equation (13.121) in the repre- 
sentation (I2.32p . analogous to the plane- wave solutions of the Schrodinger equatiorj^. 
In particular, we will discuss the transformation properties under the exotic conformal 
symmetry group, showing that the wave functions are projective representations of this 
group. These solutions will be also useful later in the "holographic" calculation in Sec. 

m 

The quickest way to arrive at the solution is to employ a change of coordinates which 
manifestly transforms the operator QH + K x P to the Laplacian on M^'^ as we used 
in sub-section 15. 1[ Using (15. 7p the wave equation becomes 



d d d d 
dt dvi dyj 



The solutions are spanned by plane waves 



^i?,P,fc = expi [9^ + Et-p-y- -k-v 



which in the original coordinates read 



^ = 



(5.17) 



E = ^{p X k) 



^E,p,k = expi{e^ + Et - p- X - -{k + tp) ■ V 



(5.18) 



(5.19) 



This shows that the parameter 6 behaves as "mass" for a Schrodinger equation in M^'^. 

Let us now address invariance of this solution under the conformal Galilei symme- 
tries. The finite boost K{b) transformation (12.391) acts on the wavefunction as 



[/^(g)^(X) = ^iKi-b)X) 



(5.20) 



^Other representations of the Heisenberg generators Xi are possible, but we will not consider them 
here. 
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where X stands for a point in the extended space time, X = (t, ^, x, y). It acts on the 
plane waves as 

UKib)^E,p,k = e^'"''^E-ip-b,pM+0e.jb, ' (5-21) 

i.e. one has 

Pi ^ Pi, ki ^ ki + Oeijbj, E ^ E - -pibi . (5.22) 

In particular, we see that while p is clearly the momentum associated to the wave 
function, k may be interpreted as the "boost" . Indeed the transformations of k under 
the full conformal Galilei group are compatible with this interpretation. It is easy now 
to check that 

^K{b)^K(h') = e*^''^'' Uj^0,^Uj^0-^ (5.23) 

with the required phase term coming from the central charge [Ki, Kj] = eijiO. Next 
consider the accelerations. One can take fl2.40p as the finite transformation, which we 
denote by F{a). We then let it act on the wavefunction as 

UF^s^i,{X)=i,{F{-a)X). (5.24) 

It acts on the plane wave as follows: 

UF{d)^E,p,k = '^E-k-a,p,-29e,,aj,k,' (5.25) 

i.e. one has 

Pi ^ Pi- ^Oeijaj, ki, E ^ E - kiai . (5.26) 

Recalling 

Upi^^E,p,k = ^"''^E,p,k^ (5-27) 

one can easily see that 

Up{g)UF{a) = e~'^''^''^°'UF{d)Up(g), (5.28) 

thus realizing [Pi,Fj] = —2tiji9. Let us finally address conformal transformations 
generated by C. The infinitesimal version is given in f l2.37p . and the integrated version 
is 

t X; 
t ^ ~ " , Xi 



1-at' ' (l-at)2' 

2xi 2 

Vi Vi ; — r, f ^ f H — -, -eijXiVj. (5.29) 

t{l -at)' ^ ^ t{l -at) ^ ^ ^ ' 
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Let us denote this action by C(a). This affects the metric (15 .61) as 

- (13^ ■ (5-30) 

Then the action on the wavefunction is 

UciaMX) = (1 + at) V(C(-a)X) . (5.31) 

This does not map plane waves to plane waves, but it correctly maps solutions to 
solutions. 

5.4 Two- point functions 

It is straightforward calculate the two-point functions of the free theory in the Vi rep- 
resentation. In the six- dimensional flat space, the two-point function of the relativistic 
massless free scalar field is given by 

(^(xfi))^(xf2))) oc |a;fi) - xfs)!"^ (5.32) 

Using the coordinate change (15.71) from the Vi representation to the fiat M^'^, one finds 

tv ■ 

mxi^Mxi,))) cc (te - 6.,(x. + -^)vjr'. (5.33) 

In order to compare this to the results in Sec. 14. 4[ one needs to perform the Fourier 
transformation along ^. Then the two-point function is 

I dee^^«(te - e.,(x. + ^-^)v,)-' = t-'eexp{zee.,{u. + ^-f)v,) J d^e^^C'- (5.34) 

The last term is just an numerical coefficient. Indeed, this is exactly of the form (I4.39p . 
where g{u + = 1 and A = 1. 

6 Geometric realization 
6.1 Invariant metric 

In the previous section we saw that one way to realize the free field with the exotic 
conformal Galilei invariance is to use a free "relativistic" scalar field on fiat R^'^. The 
exotic conformal Galilei invariance acts on M.^'^ as a relativistic conformal transforma- 
tion. Then it is easy to add another direction to realize the whole symmetry as the 
isometry. Indeed, by taking the seven-dimensional metric 

1 



9 = — 



dz'^ - dt(d^ - ^eijVidvj) + eijdxidvj 



(6.1) 
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which is just a rewriting of "AdSy" with (3, 4) signature, we can reahze the exotic 
conformal Gahlei algebra using isometries. The only generators modified by terms in 
z are the dilatations and the conformal transformations. In particular, we have 

d \ d d 

D = -Xi- tdt - -zd,, C = 2tXi- 2xi— + t^dt + {z^ + eijXiVj)d^ + tzd, (6.2) 

oxi 2 dxi ovi 

By analyzing general symmetric two-tensors invariant under the transformations ( 12.35^ 
- (12.411) . we find a three-parameter family of metrics, invariant under this set of isome- 
tries, namely: 



3 = — 

z^ 



dz'^ — dt{d^ eijVidvj) + eijdxidv 



2 



df2 r 

+ b^ + ^idx, + vdtf . (6.3) 
z^ z^ 



Unfortunately, it turns out that the signature of this metric is always (3,4). For this 
reason, we can not interpret this as bulk metric of a consistent gravity theory in seven 
dimensions. 

Let us write down the Laplacian acting on scalars, constructed from the metric (16. 3^ : 
z'^ d f 1 d\ Az^ / d d d \ Ab d"^ 



n = -77- -TTT - — ^.^ + ^vX^ 



a dz dz J a \dt * dxj J dS,"^ 

-|(x.X.-26,-..|-|) (6.4) 

Notice that the second and third terms in the first line are the quadratic Casimir 
operators HQ+KxP and of the exotic Galilei group (without conformal extension). 

6.2 "Holographic" two-point function 

Although the metric (16. 3p has the wrong signature, recall that setting b = c = 0, this is 
an analytic continuation of AdSy. Furthermore, when c = 0, this metric is an analytic 
continuation of the metric which has the Schrodinger group as the isometry, constructed 
in [U [2]. It is therefore natural to wonder whether applying the AdS/CFT rules to 
this metric might still give sensible results, in spite of the problematic signature. In 
the following, we then ignore this problem, and perform a holographic-type calculation 
of the two-point function. Holographic two- and three- point functions in Schrodinger 
backgrounds have been recently computed in [l5l H6] . However, our treatment is more 
elementary and follows essentially the computation of two-point functions in [2]. 

We then imagine a massive scalar field propagating in the fixed background met- 
ric (16.31) . and solve for its wave equation with fixed boundary conditions, following 
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the original prescription [171 HH] . As we will see, as far as this naive computation is 
concerned, the wrong signature of the boundary metric does not play an important 
role. 

For simplicity, we consider the metric (16.31) after settinj^ c = 0. We can set a = 1 
by an overall rescaling of the metric. The parameter b may also be reabsorbed, but we 
leave it explicit. Using the ansatz 

(j) = ijlree{t,X,^,v)(f{z) (6.5) 

into the Klein-Gordon equation, we get 



- ^TT Vi^) + '^'^V(^) + (^' - ^^be^Mz) = (6.6) 



dz \ z^ dz 
where we defined 

= -A{Ee + ]^kxp) . (6.7) 

In particular, we require that > 0. Defining 

V = V9 + m2 - 46^2^ A = 3 + z/ (6.8) 

the solution to (16.61) . normalizable near the boundary 2; is given by the Bessel 
function 

^{z) = Cz^K^{kz) , (6.9) 

where C is a constant. In particular, (yj ~ for z ^ 0. The reason why we decorate 
A with a hat will become clear momentarily. Notice that this solution is formally the 
same solution for the Klein-Gordon equation in a Sch4 background [2]. 

From the asymptotic expansion of (16. 9p one extracts the "flux factor" at the bound- 
ary, which is essentially the Fourier transform of the two-point function in momentum 
space. For us "momentum space", means the space of p = {E,p,6,k). Thus the 
two-point function is 



{Oi{ti,Xi,^UVl)02{t2,X2,^2,V2)) = / JJ d^^d^^.d Vid'^i (Ci (pi ) C2 (pa) )^free, V-free^ 



i=l 



(6.10) 



^Solutions in the metric with c 7^ can also be studied, but they can not be expanded into the 
free wave functions as we do below. 
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where {Oi{pi)02{p2)) is the momentum-space two-point function, and ipi-cee are the 
solutions f l5.19p . Making the change of variables x —* y = x + tv/2 the free wave 
functions become simply the plane waves (15.181) . It is then clear that solutions to the 
wave equation can be expanded into these plane waves as 



/ 



(j){t,y,^,v) = / dEd9d pd kcppipi^ee 



and we have 



(6.11) 



(6.12) 



where (...) is extracted from the flux factor. Changing coordinates as in (I4.25P we can 
carry out the integral over the delta-functions, reducing it to 



J deid^idpidfci(...)e'N+^^*-P^i-^^-^^^"1 , 



where notice that 



y = X + -{tv+ + t+v) 



(6.13) 



(6.14) 



We will now evaluate (16.131) . where (...) oc k^*^, without being concerned with the 
overall numerical coefficient. After the following change of variables 



z = t{Ei + —ki X pi] 



we have 

T{u + l)t-^ I de,et^\^'^^ I dpdfcexp \~re, (h X 1^ + |t| 



(6.15) 



. (6.16) 



The latter integral is easily evaluated by analytically continuing iOi 6i, making it 
just a Gaussian integral. In conclusion, we obtain 



{0^{h,x^,Cl,v^)02{t2,X2,C2,V2)) cxt-^ / d^i^f-V^^«exp 



X 1 

iOiv X ( - + 



(6.17) 



where notice that the dependence on ti + t2 through y dropped out of the final ex- 
pression, as expected from invariance under time translations. We see that we get 
agreement with the general expression (I4.39p . provided we identify 



A = 2Ai . 



(6.18) 
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Indeed, notice that lower bound on A is Amin = 2. This corresponds to the unitarity 
bound for the free Schrodinger theory in d = 4 dimensions, or equivalently for a 
relativistic CFT in D = 5 + 1 dimensions. As an exotic Gahlean conformal field 
theory in = 2 dimension, it correctly corresponds to the unitarity bound A^[^ = 1. 
The factor of 6l^~^ is analogous to the factor of M^^^ appearing in the holographic 
two-point function for Schrodinger theories 

7 Conclusions 

In this paper we have discussed non-relativistic conformal systems with symmetries 
different from the Schrodinger type, and their geometric realizations. We started by 
analyzing a family of conformal Galilei algebras which are natural generalizations of 
the Schrodinger algebra. In particular, we have pointed out the existence of central 
extensions and infinite dimensional extensions. Our main interest was the Galilean al- 
gebra extended by constant accelerations and conformal transformations. This admits 
a central extension in = 2 spatial dimensions. Following analogous discussions of 
the Schrodinger algebra, we have studied generic properties of conformal field theories, 
with underlying conformal Galilei algebra. For example, we have defined primaries and 
discussed the general form of two-point functions. Higher n-point functions may be 
analyzed in a similar way. As the Schrodinger conformal field theories are relevant for 
studying cold atoms, our results should be useful for studying other, perhaps exotic, 
Galilean conformal field theories describing real physical systems |17j . 

One crucial ingredient in our approach is the central extension of the algebra. Such 
extension renders the boosts along the two directions in the plane non-commutative. 
Following [23] , one way to understand the origin of this non-commutativity is to derive 
the algebra from a non-relativistic contraction of the relativistic conformal algebra, 
in a representation with non-zero spin. Although the contraction applied to an AdS 
metric is degenerate, we noticed that applying the modified contraction above to the 
(massless) Dirac equation leads a consistent non-trivial equation, also obeyed by fields 
whose scaling dimension saturates the unitarity bound. We have discussed that this 
equation is to the exotic conformal Galilei group what the free Schrodinger equation 
is to the Schrodinger group. Moreover, we have shown that one can couple it to a 
gauge field, together with a Chern-Simons term. This suggests that the contraction we 
have discussed may be applied to more complicated models, perhaps supersymmetric, 
like the model of j39]. It would be nice to see whether new interesting non-relativistic 
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models may be obtained in this way. 

Following the strategy that successfully lead to the Schrodinger geometries in [Tl[2], 
we have presented a three-parameter metric that realizes the exotic Galilean symme- 
try group as its group of isometries. However, it turns out that this metric has not 
Lorentzian signature, but rather it has (3,4) signature. Despite this, the geometric 
structure may be interpreted formally in AdS/CFT language, and leads to a modifi- 
cation of the "AdSy" metric, where the boundary is M^'^. The three extra directions 
{C,,v) are associated to the central extension B, and to velocities, respectively. The 
symmetries act on this space, in a slightly unusual way. For example, dilatations act 
as D : (t, X, ^, v) (At, Ax, ^, v). 

Although this is a natural geometric (Bargmann-like) structure generalizing the 
Schrodinger case, the resulting metric is not suitable for AdS / CFT applications. Nev- 
ertheless, we have pointed out that a blind application of the AdS / CFT prescriptions 
gives a consistent "holographic" two-point function. We suspect that this feature will 
persist for three- and higher point functions. It would be interesting to see whether 
the geometric realization that we have presented, may be still useful at least as a tool 
for performing other holographic-type calculations. 

The problem of finding a gravity dual of non-Schrodinger Galilean conformal field 
theories remains largely open. From our analysis, it emerged that the inclusion of 
fermionic variables in taking the non-relativistic limit plays an important role. Thus, 
one can try to obtain a bulk dual by applying the non-relativistic contraction to the 
matter-coupled supergravity equations, presumably including fermionic fields. A dif- 
ferent approach to a geometric realization of the conformal Galilei algebra (without 
central extension) has been proposed in [30J. In this reference it is argued that the 
gravity side should be described by a version of Newton-Cartan theory, where the dy- 
namical variables are non-metric connections. However, the relation of this approach 
to the AdS/CFT correspondence remains to be clarified. It should be interesting to 
investigate the relationship of our results to those of [30] . 
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A Mechanics with exotic conformal GaHlei symme- 
try 



The Lagrangian 

L = -raxl — de-ijOCiXj (A.l) 

is known to be invariant under the Gahlei group with two central extensions M and 
[lO]. If = 0, it is quasi-invariant under the Schrodinger group, meaning that it 
is invariant up to a total derivative. It is quasi-invariant under the exotic conformal 
Galilei group only if m = 0, when the Lagrangian is 

L = —OeijXiXj (A. 2) 

whose equation of motion is 

x'i = 0. (A.3) 

We see that the solutions are constantly accelerating trajectories, which is analogous to 
the constant velocity trajectories solutions to L = yi^. Because of the high number of 
derivatives it is not easy to quantize it directly. Let us instead consider the Lagrangian 

L = -9 (^eijXiVj + ^eijViVj^ . (A.4) 

The equations of motion of this are 

Vi = -Xi, Vi = , (A. 5) 



thus we see that this Lagrangian is equivalent to flA.2|) . and Vi are essentially (minus) 
the velocities. 

One way to rewrite this Lagrangian is to use the metric (15. 6p . Let x^ denote 
(t, ^, xi, X2, f 1, ^2) collectively, and consider a free, massless "relativistic" particle mov- 
ing in M^'^, with the standard action 

I d^^~'i^)9iA^)^^ (A.6) 

where r is the parameter of the worldline x\t), and e(r) is the einbein. This is 
invariant under the relativistic conformal group acting on x^ , which includes the exotic 
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conformal Galilei group, because the conformal factor can be reabsorbed by the einbein. 
Now let us gauge- fix the worldline by choosing t = t, which gives the action 



- dte 



-1 



(A.7) 



Taking the variation with respect to ^ one finds the einbein e ^ is constant which we 
denote by 6, resulting in 



e / dt 



(A.8) 



which is equivalent to flA.4p up to an apparently decoupled degree of freedom ^ ; more 
precisely, the equation of motion associated to e in (1A.7P determines the time evolution 
of ^ in terms of that of Xi and fj. One can check that the Lagrangian f[01) without ^ 
is invariant under the conformal Galilei transformation up to a total derivative, which 
is precisely absorbed by a shift of ^ given in fl2.42p . 

For comparison, it is instructive to carry out the same analysis of the conformal 
symmetry to the case of free non-relativistic particle with mass m. Let us consider again 
the Lagrangian of a massless relativistic particle flA.6l) . this time with the Bargmann 
metric (12. 9p as gij. Gauge-fixing by r = t, one obtains the Lagrangian 



m 



dt 



(A.9) 



which is the Lagrangian of a non-relativistic massive particle. This is invariant under 
the Schrodinger transformations (I2.10p . Equivalently, it shows the invariance up to 
total derivative under the Schrodinger symmetry of the Lagrangian L = ^xj. 

Let us construct the Hamiltonian for the Lagrangian flA.4p . We calculate the conju- 
gate momentum for Xi and Vi via 

dL ^ . dL ^ I 

— = -9eijVj, = ^ 

OXi OVi 



Pi 



eeij{xj + ^Vj) 



(A.IO) 



and find 



H = PiXi + TTiVi - L 



1 



9 



^1 



jkVk Pj ■ 



Quantization proceeds by the replacement 



Pi 



—I 



_d_ 

dxi 



Then the corresponding wave equation is 



d_ 
di 



ip = —iHip 



d 



._d_ 

' dvi 



id 



d 



(A.ll) 



(A.12) 



(A.13) 



This is exactly the free wave equation (I3.12p discussed in the main text. 
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